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Abstract
We introduce the notion of W -approximative (weak) compactness for a nonempty subset of a smooth
Banach space, and present its characterizations. With this notion, we give the sufficient conditions for
continuity and the upper semi-continuity of the generalized projection operator.
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1. Introduction
Let X be a real Banach space with the dual space X∗. Denote by SX the unit sphere of X . Let
C ⊂ X be a nonempty subset of X . The set-valued mapping PC : X ⇒ C,
PC (x) := {z ∈ C : ‖x − z‖ = inf
y∈C ‖x − y‖}
is called the metric projection operator from X on C .
We recall (see [12,15]) that C is said to be proximinal if PC (x) 6= ∅ for all x ∈ X;C is said
to be semi-Chebyshev if PC (x) is at most a singleton for all x ∈ X;C is said to be Chebyshev if
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it is proximinal and semi-Chebyshev. It is known that [12,15] X is reflexive if and only if each
closed convex subset of X is proximinal, and that X is strictly convex if and only if each convex
subset of X is semi-Chebyshev.
A nonempty subset C of X is said to be approximatively (weakly) compact if for any {yn} ⊂ C
and any x ∈ X satisfying ‖x − yn‖ → infy∈C ‖x − y‖, then {yn} has a subsequence converging
(weakly) to an element in C . X is called approximatively (weakly) compact if every nonempty
closed convex subset of X is approximatively (weakly) compact.
The notion of approximative compactness for a nonempty set was introduced by Jefimow
and Stechkin in [8], which implies that each element x ∈ X has a best approximation element
in every nonempty, closed and convex subset of X . In 1984, Megginson (see [10]) proved that
a normed space is midpoint locally uniformly round if and only if every closed ball in X is
an approximatively compact Chebyshev set. In 1964, Singer [13] (see also [10]) proved that a
Banach space is approximatively compact if and only if X has Efimov–Stechkin property [that is,
if {xn} is a sequence of SX and if x∗ ∈ SX∗ is such that 〈x∗, xn〉 → 1, then {xn} has a convergent
subsequence] if and only if X is reflexive and has the Kadets–Klee property. In 1998, Hudzik and
Wang [7] proved that every fully k-rotund Banach space with k ≥ 2 is approximatively compact.
In 1972, Oshman [11] (see also [15]) proved that the metric projection operator PC is upper
semi-continuous if C is an approximatively compact subset of a Banach space X and it is
continuous if, in addition, C is Chebyshev. Recently, the authors of [5] proved that a nonempty
closed convex set C of a midpoint locally uniformly rotund Banach space is approximatively
compact if and only if C is Chebyshev and the metric projection operator PC is continuous.
We recall that the duality mapping J : X ⇒ X∗ is defined by
J (x) = {x∗ ∈ X∗|〈x∗, x〉 = ‖x∗‖2 = ‖x‖2} ∀x ∈ X.
The following basic results concerning the duality mapping are well known (see [4])
(i) X is reflexive if and only if J is surjective;
(ii) X is strictly convex if and only if J is injective;
(iii) X is smooth if and only if J is single-valued;
(iv) J is norm-to-norm continuous if X is a Fre´chet smooth Banach spaces (i.e., the norm of X
is Fre´chet differentiable);
(v) J (αx) = α J (x) for any x ∈ X, α ∈ R.
Alber ([1]) considered the following functions V : (X∗, X)→ R and W : (X, X)→ R :
V (ϕ, y) = ‖ϕ‖2 − 2〈ϕ, y〉 + ‖y‖2, ∀ϕ ∈ X∗,∀y ∈ X,
and
W (x, y) = ‖x‖2 − 2〈J x, y〉 + ‖y‖2, ∀x, y ∈ X.
It is easy to see that the functional W is nonnegative and
(‖x‖ − ‖y‖)2 ≤ W (x, y) ≤ (‖x‖ + ‖y‖)2, ∀ x, y ∈ X. (1)
Based on functions V and W , Alber [1] introduced the generalized projections piC : X∗→ C
and ΠC : X → C , that is, piCϕ = arg miny∈C V (ϕ, y) and ΠC x = arg miny∈C W (x, y), in
the case when X is a uniformly convex and uniformly smooth Banach space, and studied their
properties in detail. It is clear that when X is a Hilbert space, ΠC = piC = PC . In [9], Li
considered the generalized projection operator piC : X∗ → C on a reflexive strictly convex
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smooth Banach space X and give its applications to solving variational inequalities. Many
applications of the generalized projections to optimization problems, fixed point problems,
approximation theory, variational inequalities, complementarity problems and decomposition
problems in Banach spaces are presented (see [1–3,9,14]).
In this paper, we introduce the notion of W -approximative (weak) compactness for a
nonempty set C of a smooth Banach space X in terms of the function W instead of the norm, and
present some characterizations. With this notion, we give sufficient conditions for the continuity
and the upper semi-continuity of the generalized projection operator ΠC .
2. Main results
Firstly, we introduce the notion of W -approximative compactness for sets and Banach spaces
based on the Lyapunov function W .
Definition 2.1. A nonempty set C of a smooth Banach space X is said to be W -approximatively
(weakly) compact if for any {yn} ⊂ C and any x ∈ X satisfying W (x, yn) → infy∈C W (x, y),
{yn} has a subsequence which converges (weakly) to some element in C . X is called W -
approximatively (weakly) compact if any nonempty closed convex set of X is W -approximatively
(weakly) compact.
Clearly, if C is W -approximatively compact, then it is W -approximatively weakly compact.
Proposition 2.1. Let C be a nonempty subset of a Fre´chet smooth Banach space X. Then C is
W -approximatively (weakly) compact if and only if for any sequences {yn} ⊂ C, {xn} ⊂ X, and
x ∈ X satisfying xn → x and W (xn, yn) → infy∈C W (x, y), {yn} has a subsequence which
converges (weakly) to some element in C.
Proof. The sufficiency is obvious.
Necessity. Assume that C is W -approximatively (weakly) compact. Let {yn} ⊂ C, {xn} ⊂ X
and x ∈ X satisfy xn → x and W (xn, yn)→ infy∈C W (x, y).
By formula (1),
(‖xn‖ − ‖yn‖)2 ≤ W (xn, yn).
Since W (xn, yn)→ infy∈C W (x, y) and {xn} is bounded, we have that {yn} is bounded. On the
other hand,
inf
y∈C W (x, y) ≤ W (x, yn)
= ‖xn‖2 − 2〈J xn, yn〉 + ‖yn‖2 + ‖x‖2 − ‖xn‖2 + 2〈J xn, yn〉 − 2〈J x, yn〉
= W (xn, yn)+ ‖x‖2 − ‖xn‖2 + 2〈J xn − J x, yn〉, ∀ n ∈ N. (2)
Since X is Fre´chet smooth Banach space, the duality mapping J is norm-to-norm continuous,
and hence J xn − J x → 0. Since {yn} is bounded, we have 〈J xn − J x, yn〉 → 0. Taking limit in
(2), we obtain
W (x, yn)→ inf
y∈C W (x, y).
Since C is W -approximatively (weakly) compact, {yn} has a subsequence which converges
(weakly) to some element in C . 
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Proposition 2.2. Let C be a nonempty subset of a Fre´chet smooth Banach space X. If xn → x0,
then limn→∞ infy∈C W (xn, y) = infy∈C W (x0, y).
Proof. For any  > 0, there exist yˆn ∈ C, n = 0, 1, . . ., such that W (xn, yˆn) ≤
infy∈C W (xn, y)+ , n = 0, 1, 2, . . .. Hence
inf
y∈C W (x0, y) ≤ W (x0, yˆn)
= ‖xn‖2 − 2〈J xn, yˆn〉 + ‖yˆn‖2 + ‖x0‖2 − ‖xn‖2 + 2〈J xn − J x0, yˆn〉
= W (xn, yˆn)+ ‖x0‖2 − ‖xn‖2 + 2〈J xn − J x0, yˆn〉
≤ inf
y∈C W (xn, y)+  + ‖x0‖
2 − ‖xn‖2 + 2〈J xn − J x0, yˆn〉. (3)
Since W (xn, yˆn) ≤ infy∈C W (xn, y) +  ≤ W (xn, yˆ0) +  and xn → x0, we have that {yˆn} is
bounded, and hence 〈J xn − J x0, yˆn〉 → 0. Letting n→+∞ in (3), we get that
inf
y∈C W (x0, y) ≤ lim infn→+∞ infy∈C W (xn, y)+ .
On the other hand, since infy∈C W (xn, y) ≤ W (xn, yˆ0) and W (xn, yˆ0) → W (x0, yˆ0) ≤









y∈C W (xn, y)−  ≤ infy∈C W (x0, y) ≤ lim infn→+∞ infy∈C W (xn, y)+ .
This implies that limn→∞ infy∈C W (xn, y) = infy∈C W (x0, y). 
In the following, we shall use the following definition and lemmas:
Definition 2.2 ([10,15,6]). A Banach space X is said to have the Kadets–Klee property or
property (H) if for any sequence {xn} ⊂ X and any element x ∈ X satisfying xn w→ x and
‖xn‖ → ‖x‖, one has xn → x , or equivalently, for any {xn} ⊂ SX and x ∈ SX satisfying
xn
w→ x , we have xn → x .
Lemma 2.1 ([10,16]). A Banach space X is reflexive if and only if each nonempty closed convex
set of X has a least element in norm.
Lemma 2.2 ([1,2]). Let X be a smooth Banach space, let C be a convex subset of X, and let
x ∈ X, yˆ ∈ C. Then yˆ ∈ ΠC (x) if and only if 〈z − yˆ, J yˆ − J x〉 ≥ 0,∀z ∈ C.
Proposition 2.3. A smooth Banach space X is W -approximately compact if and only if it is
reflexive and has property (H).
Proof. Sufficiency. Let C be a nonempty closed convex subset of X . For every x ∈ X , let
{yn} ⊂ C be such that limn→∞W (x, yn) = infy∈C W (x, y).
It follows from (‖x‖ − ‖yn‖)2 ≤ W (x, yn) < ∞ that {yn} is bounded. Since X is reflexive,
{yn} has a subsequence which is convergent weakly to some element of C (C is weakly closed).
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Without loss of generality, we assume that yn
w→ y¯ ∈ C . Since the norm is weakly lower semi-
continuous, we have
‖y¯‖ ≤ lim inf
n→+∞ ‖yn‖.
Hence
W (x, y¯) = ‖x‖2 − 2〈J x, y¯〉 + ‖y¯‖2
≤ lim inf
n→+∞(‖x‖
2 − 2〈J x, yn〉 + ‖yn‖2)
= lim
n→∞W (x, yn) = infy∈C W (x, y).
This implies that y¯ ∈ ΠC (x) and also ‖yn‖ → ‖y¯‖ since yn w→ y¯. By the definition of property
(H), we have yn → y¯.
Necessity. We first show that X is reflexive. Let C ⊂ X be any nonempty closed convex set.
Take a minimizing sequence {yn} ⊂ C such that W (0, yn) → infy∈C W (0, y). Since C is W -
approximatively compact, it follows that {yn} has a subsequence converging to some element in
C . Without loss of generality, we may assume that yn → y0 ∈ C . It follows that
W (0, yn) = ‖yn‖2 → ‖y0‖2 = W (0, y0),
and that W (0, y0) = infy∈C W (0, y). This implies that
‖y0‖2 ≤ ‖y‖2, ∀y ∈ C.
Applying Lemma 2.1, we see that X is reflexive.
We next show that X has property (H). Let x0 ∈ S, {xn} ⊂ S be such that xn w→ x0. Suppose
xn 9 x0. Without loss of generality, we may assume that
‖xn − x0‖ > 0
for all n ∈ N and for some 0 > 0.
Let C = co({xn} ∪ {x0}). Then C is nonempty closed and convex. It follows from xn w→ x0
and ‖xn‖ = ‖x‖ = 1 that
W (x0, xn)→ W (x0, x0) = 0 = inf
y∈C W (x0, y).
Since C is W -approximatively compact, {xn} has a subsequence which converges to some
element x¯ in C . Hence x¯ = x0, which contradicts ‖xn − x0‖ > 0. Therefore, xn → x0. 
Proposition 2.3, together with Singer’s result in [13], shows that a smooth Banach space is
approximatively compact if and only if it is W -approximatively compact.
Definition 2.3. A set C of a smooth Banach space X is said to be W -proximinal if for any
x ∈ X,ΠC (x) 6= Ø;C is said to be W -semi-Chebyshev if for any x ∈ X,ΠC (x) is at most a
singleton; C is said to be W -Chebyshev if it is W -proximinal and W -semi-Chebyshev.
Proposition 2.4. Let C be a nonempty subset of a smooth Banach space X. If C is W -
approximately weakly compact, then C is W -proximinal and closed.
Proof. Fix x ∈ X and let {yn} ⊂ C be such that W (x, yn) → infy∈C W (x, y). Since C is
W -approximately weakly compact, {yn} has a weakly convergent subsequence, without loss of
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generality, we may assume that yn
w→ y¯ ∈ C . From the proof of Proposition 2.3, one can see that
y¯ ∈ ΠC (x), that is, C is W -proximinal.
Let {xn} ⊂ C be such that xn → x . Then
inf
y∈C W (x, y) ≤ W (x, xn) = ‖x‖
2 − 2〈J x, xn〉 + ‖xn‖2 → 0.
It follows that W (x, xn)→ infy∈C W (x, y) = 0. Since C is W -approximately weakly compact,
{xn} has a subsequence which converges weakly to some element x¯ ∈ C. Therefore, x = x¯ and
thus C is closed. 
Proposition 2.5. Let X be a smooth Banach space. The following conditions are equivalent:
(i) X is strictly convex;
(ii) The duality mapping J is injective;
(iii) Each nonempty convex set of X is W -semi-Chebyshev.
Proof. (i) and (ii) are equivalent (see [4]).
(i)⇒ (iii). Let C be any convex subset of X . Let x ∈ X , and x1, x2 ∈ ΠC (x). By Lemma 2.2,
we have that 〈x2 − x1, J x1 − J x〉 ≥ 0 and 〈x2 − x1, J x − J x2〉 ≥ 0. This implies that
‖x1‖2 + ‖x2‖2 ≤ 〈J x2, x1〉 + 〈J x1, x2〉 ≤ 2‖x1‖‖x2‖.
It follows that
‖x1‖ = ‖x2‖, ∀x1, x2 ∈ ΠC (x). (4)
Noting that C is convex, we have that t x1 + (1− t)x2 ∈ C,∀t ∈ (0, 1).
On the other hand,
W (x, t x1 + (1− t)x2) ≤ tW (x, x1)+ (1− t)W (x, x2) = W (x, x1).
we have that
t x1 + (1− t)x2 ∈ ΠC (x).
We get by (4) that ‖t x1+ (1− t)x2‖ = ‖x2‖. Since X is strictly convex, we have that x1 = x2.
Hence C is W -semi-Chebyshev.
(iii) ⇒ (ii). Suppose J is not injective. Then there exist x1, x2 ∈ X, x1 6= x2 such that
J x1 = J x2. Thus, we have ‖x1‖ = ‖x2‖.
Let C = conv{x1, x2}. Then 0 = W (x1, x1) = infy∈C W (x1, y).
On the other hand,
W (x1, x2) = ‖x1‖2 − 2〈J x1, x2〉 + ‖x2‖2
= ‖x2‖2 − 2〈J x2, x2〉 + ‖x2‖2
= 0 = inf
y∈C W (x1, y).
This implies that x2 ∈ ΠC (x1), which contradicts the fact that C is W -semi-Chebyshev.
Therefore, the duality mapping J is injective 
Proposition 2.6. Let X be a smooth Banach space. The following conditions are equivalent:
(i) X is reflexive;
(ii) X is W -approximatively weakly compact;
(iii) Each nonempty closed convex set of X is W -proximinal.
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Proof. (i) ⇒ (ii). Let C be a nonempty closed convex set of X , and let x ∈ X and {yn} ⊂ C
be such that W (x, yn) → infy∈C W (x, y). Since W (x, yn) → infy∈C W (x, y) and W (x, yn) ≥
(‖x‖ − ‖yn‖)2, we have that {yn}is bounded. Since X is reflexive and C is a nonempty closed
convex set, {yn} has a subsequence which converges weakly to some element in C .
(ii)⇒ (iii). If X is W -approximatively weakly compact, then by Proposition 2.4, each closed
convex set of X is W -proximinal.
(iii) ⇒ (i). Let C be any nonempty closed convex subset of X . Since C is W -proximinal,
there exists y¯ ∈ ΠC (0). That is
‖y¯‖2 = W (0, y¯) ≤ W (0, y) = ‖y‖2, ∀y ∈ C.
Applying Lemma 2.1, X is reflexive. 
Corollary 2.1. A smooth Banach space X is reflexive and strictly convex if and only if each
nonempty closed convex set of X is W -Chebyshev.
Proof. The result follows from Propositions 2.5 and 2.6. 
Corollary 2.2. A smooth Banach space X is W -approximately compact if and only if it is W -
approximately weakly compact and has property (H).
Proof. The result follows from Propositions 2.3 and 2.6. 
Corollary 2.3. Suppose that X is a reflexive, strictly convex and smooth Banach space, and has
property (H). Then each nonempty closed convex subset of X is approximately compact and
W -Chebyshev.
Proof. The result follows from Proposition 2.3 and Corollary 2.1. 
Proposition 2.7. Let C be a nonempty subset of a Fre´chet smooth Banach space X. If C is W -
approximatively compact, then C is W -proximinal and the generalized projection operator ΠC
is upper semi-continuous, i.e., for any x0 ∈ X, and any open neighborhood U of ΠC (x0), there
exists δ > 0 such that for every ‖x − x0‖ < δ, we have ΠC (x) ⊂ U.
Proof. By Proposition 2.4, C is W -proximinal.
Suppose ΠC is not upper semi-continuous at x0. Then there exist an open set U ⊃ ΠC (x0), a
sequence {xn} ⊂ X with xn → x0, and yˆn ∈ ΠC (xn) \U, n = 1, 2, . . .. Let yˆ0 ∈ ΠC (x0). Then
W (x0, yˆ0) ≤ W (x0, yˆn) = ‖x0‖2 − 2〈J x0, yˆn〉 + ‖yˆn‖2
= ‖xn‖2 − 2〈J xn, yˆn〉 + ‖yˆn‖2 + 2〈J xn − J x0, yˆn〉 − ‖xn‖2 + ‖x0‖2
≤ W (xn, yˆn)+ 2〈J xn − J x0, yˆn〉 + (‖xn‖ + ‖x0‖)‖xn − x0‖. (5)
Since xn → x0, by Proposition 2.2, W (xn, yˆn) = infy∈C W (xn, y) → infy∈C W (x0, y). This
implies, by Proposition 2.1, that {yˆn} has a subsequence which converges to some y¯ ∈ C . Taking
limit in (5), we obtain W (x0, y¯) = W (x0, yˆ0), and hence y¯ ∈ ΠC (x0). However, by the closeness
of X \ U and yˆn ∈ X \ U , y¯ ∈ X \ U , which contradicts y¯ ∈ ΠC (x0). Therefore, ΠC is upper
semi-continuous. 
Proposition 2.8. Let X be a Fre´chet smooth Banach space and C be a W -semi-Chebyshev set of
X. If C is W -approximatively compact, then C is W -Chebyshev and the generalized projection
operator ΠC is continuous.
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Proof. Since C is W -approximatively compact, by Proposition 2.4, C is W -proximinal. It
follows that C is W -Chebyshev since C is W -semi-Chebyshev. Thus the generalized projection
operator ΠC is single-valued, and thus, by Proposition 2.7, it is continuous. 
Corollary 2.4. Suppose that X is a reflexive, strictly convex and Fre´chet smooth Banach space,
and has property (H). If C is a nonempty closed convex subset of X, then the generalized
projection operator ΠC is continuous.
Proof. The assertion follows from Proposition 2.8 and Corollary 2.3. 
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